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SINGULARITIES OF QUADRATIC DIFFERENTIALS
AND EXTREMAL TEICHMU¨LLER MAPPINGS
DEFINED BY DEHN TWISTS
C. ZHANG
Abstract. Let S be a Riemann surface of type (p, n) with 3p−3+
n > 0. Let ω be a pseudo-Anosov map of S that is obtained from
Dehn twists along two families {A,B} of simple closed geodesics
that fill S. Then ω can be realized as an extremal Teichmu¨ller
mapping on a surface of type (p, n) which is also denoted by S.
Let φ be the corresponding holomorphic quadratic differential on
S. In this paper, we compare the locations of some distinguished
points on S in the φ-flat metric to their locations with respect to
the complete hyperbolic metric. More precisely, we show that all
possible non-puncture zeros of φ must stay away from all closures
of once punctured disk components of S\{A,B}, and the closure
of each disk component of S\{A,B} contains at most one zero of
φ. As a consequence of the result, we assert that the number of
distinct zeros and poles of φ is less than or equal to the number of
components of S\{A,B}.
1. Introduction
According to Thurston [15], some pseudo-Anosov maps on a Riemann
surface S of type (p, n), 3p−3+n > 0, can be constructed through Dehn
twists along two simple closed geodesics (with respect to the complete
hyperbolic metric on S with constant curvature equal to −1). Let α and
β ⊂ S be two simple closed geodesics. Denote tα and tβ the positive
Dehn twists along α and β, respectively. We assume that {α, β} fills S;
that is, every component of S\{α, β} is a disk or a once punctured disk.
Thurston [15] (see also FLP [7]) proved that the composition tα ◦ t
−1
β
produces a pseudo-Anosov mapping class on S. In [9, 12, 13] the result
was generalized by showing that any word w0 consisting of t
ni
α and t
−mi
β
for positive integers ni,mi represents a pseudo-Anosov mapping class.
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More generally, Let A, B be families of disjoint non-trivial simple
closed geodesics on S so that A ∪ B fills S in the same sense as above.
Let w be any word consisting of positive Dehn twists along elements of
A and negative Dehn twists along elements of B so that the positive
Dehn twist along each element of A and the negative Dehn twist along
each element of B occur at least once in w, then by a result of Penner
[14], w also represents a pseudo-Anosov class, which means that the
map w can be evolved into a pseudo-Anosov map ω, and if we choose
S properly, the map ω : S → S is an absolutely extremal Teichmu¨ller
mapping (see Bers [4]). Throughout the paper S is called an ω-minimal
surface. Associate to ω there is a holomorphic quadratic differential φ
on S that may have simple poles at punctures of S. φ defines a flat
metric on S. The aim of this paper is to locate (in a rather coarse
manner) all possible zeros in terms of the regions obtained from cutting
along the two families {A,B} of closed geodesics on S. Write
(1.1) S\{A,B} = {P1, . . . , Pk;Q1, . . . , Qr},
where {Q1, . . . , Qr} and {P1, . . . , Pk} are the collections of once punc-
tured disk components and disk components of S\{A,B}, respectively.
{Q1, . . . , Qr} is empty if and only if S is compact. With the notations
above, the main result of this paper is the following:
Theorem 1. Let S be an ω-minimal surface, and φ the corresponding
quadratic differential on S. Then:
(1) each zero of φ, if exists and not a puncture of S, must lie in the com-
plement of the closure of Q1 ∪ . . . ∪Qr in S. In particular, if S\{A,B}
consists of once punctured disk components, then all zeros of φ are punc-
tures of S.
(2) the closure of each disk component Pi contains at most one zero of
the differential φ.
Remark 1.1. By the Riemann-Roch theorem (see, for example, [6]), if
p ≥ 2, φ has at least one zero on the compactification S¯ of S.
As a consequence of Theorem 1, we obtain:
Corollary 1. The total number of distinct zeros and poles of φ is no
more than the number of the components of S\{A,B}.
Remark 1.2. The method used to study the problem gives no informa-
tion about the order of a particular zero of φ.
The idea of the proof of Theorem 1 is as follows. If a non-puncture
zero z0 of φ exists in Q1, say, then z0 would give rise to a holomorphic
and isometric embedding of a Teichmu¨ller geodesic L ⊂ T (S) into an-
other Teichmu¨ller space T (S˙) for S˙ = S\{a point} via the fiber space
F (S) over T (S) and a Bers isomorphism ϕ : F (S) → T (S˙). As a con-
sequence, the image of L in T (S˙) is a Teichmu¨ller geodesic in T (S˙). A
contradiction would then be derived by constructing a non-hyperbolic
modular transformation that keeps invariant the image geodesic. The
second statement of Theorem 1 follows from the fact that there is only
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one invariant geodesic under a hyperbolic transformation (I am grateful
to Professor Wolpert for email communications).
2. Preliminaries
We begin by reviewing some basic definitions and properties in Te-
ichmu¨ller theory. Let H denote the hyperbolic plane {z ∈ C; Im z > 0}
endowed with the hyperbolic metric
ds =
|dz|
Im z
.
Denote H = {z ∈ C; Im z < 0} and let ̺ : H → S be the universal cov-
ering with covering group G. Then G is a torsion free finitely generated
Fuchsian group of the first kind with H/G = S.
Let M(G) be the set of Beltrami coefficients for G. That is, M(G)
consists of measurable functions µ defined on H and satisfy: (i) ‖µ‖∞ =
ess.sup {|µ(z)| ; z ∈ H} < 1; and (ii) µ(g(z))g′(z)/g′(z) = µ(z) for all
g ∈ G. By Ahlfors-Bers [1], for every µ ∈ M(G) there is a pair of qua-
siconformal maps (wµ, w
µ) of C onto itself that satisfy these properties:
(1) both wµ and w
µ fix 0 and 1;
(2) ∂z¯wµ(z)/∂zwµ(z) is µ(z) if z ∈ H; and µ(z) if z ∈ H; and
(3) ∂z¯w
µ(z)/∂zw
µ(z) is µ(z) if z ∈ H and zero if z ∈ H.
It is easy to see that wµ maps H onto H while w
µ maps H onto a
quasidisk. Two elements µ and ν in M(G) are said to be equivalent if
wµ|∂H = wν |∂H, or equivalently, w
µ|∂H = w
ν |∂H. The equivalence class
of µ is denoted by [µ]. We define the Teichmu¨ller space T (S), where
S = H/G, is the space of equivalence classes [µ] of Beltrami coefficients
µ ∈M(G). T (S) is a complex manifold of dimension 3p − 3 + n.
On T (S) we can define the Teichmu¨ller distance 〈[µ], [ν]〉 between two
points [µ] and [ν] by:
〈[µ], [ν]〉 =
1
2
inf
{
log K
(
wµ ◦ w
−1
ν
)}
,
where K is the maximal dilatation of wµ ◦ w
−1
ν on H and the infimum
is taken through the homotopy class of wµ ◦ w
−1
ν that fixes each point
in ∂H. The set Q(G) of integrable quadratic differentials consists of
holomorphic functions φ(z) on H such that
(φ ◦ g)(z)g′(z)2 = φ(z), for all z ∈ H and all g ∈ G;
and
‖φ‖ =
1
2
∫∫
∆
|φ(z)| dxdy = 1,
where ∆ ⊂ H is a fundamental region of G. Every φ ∈ Q(G) can be
projected to a meromorphic quadratic differential on S that may have
simple poles at punctures of S, which is denoted by φ also. φ assigns to
each uniformizing parameter z a holomorphic function φ(z) such that
φ(z)dz2 is invariant under a change of local coordinates. Away from
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zeros of φ there are naturally defined coordinates so that φ defines a flat
metric that is Euclidean near every non-zero point z. Associate to each
φ there are horizontal and vertical trajectories defined by φ(z)dz2 > 0
and φ(z)dz2 < 0, respectively. For any t ∈ (−1, 1) and any φ ∈ Q(G),
t(φ¯/|φ|) ∈M(G). The set
(2.1)
[
t
φ¯
|φ|
]
∈ T (S), t ∈ (−1, 1),
is a Teichmu¨ller geodesic. If in (2.1) t is replaced by z ∈ D, where
D = {z ∈ C; |z| < 1}, we obtain a complex version of the geodesic that
is also called a Teichmu¨ller disk.
Notice that every self-map ω of S induces a mapping class and thus
a modular transformation χ that acts on T (S). The collection of all
such modular transformations form a group ModS that is discrete and
isomorphic to the group of biholomorphic maps of T (S) when S is not of
type (0, 3), (0, 4), (1, 1), (1, 2), and (2, 0). See Royden [11] and Earle-Kra
[5] for more details.
For each χ ∈ ModS , Bers [4] introduced an index
a(χ) = inf[µ]∈T (S) 〈[µ], χ([µ])〉 .
throughout the paper we consider those modular transformations χ for
which a(χ) > 0. There are two cases: a(χ) is achieved and a(χ) is not
achieved. In the former case, χ is called hyperbolic. In the later case,
χ is called pseudo-hyperbolic. If χ is hyperbolic, then by Theorem 5 of
Bers [4], a(χ) assumes its value on any point in a geodesic line L. χ keeps
L invariant. Conversely, if an element χ ∈ ModS keeps a Teichmu¨ller
geodesic line L invariant, then χ must be hyperbolic. In this case, χ
is induced by a self-map of S, and for each Riemann surface S on L,
χ is realized as an absolutely extremal self-map ω of S. Associate to
the map ω there is an integrable meromorphic quadratic differential φ
on the compactification of S which is holomorphic on S and may have
simple poles at punctures of S (see Bers [4]). Furthermore, ω leaves
invariant both horizontal and vertical trajectories defined by φ.
Topologically, the map ω is also called pseudo-Anosov that associates
with a pair of transversal measured foliations determined by the qua-
dratic differential φ. By Thurston [15], the set of pseudo-Anosov map-
ping classes on S consists of all possible non-periodic mapping classes
that do not keep any finite set of disjoint simple non-trivial closed
geodesics invariant.
The Bers fiber space F (S) over T (S) is the collection of pairs
{([µ], z) ; [µ] ∈ T (S), z ∈ wµ(H)} .
The natural projection π : F (S)→ T (S) is holomorphic. We fix a point
a ∈ S and Let S˙ = S\{a}. Theorem 9 of [2] states that there is an
isomorphism ϕ : F (S)→ T (S˙).
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Let χ ∈ ModS be induced by a map ω : S → S. We lift the map ω to
a map ωˆ : H → H. ωˆ has the property that ωˆGωˆ−1 = G. Suppose that
ω′ : S → S is another map isotopic to ω. ω′ can also be lifted to a map
ωˆ′ : H → H that is isotopic to ωˆ by an isotopy fixing each point in ∂H.
That is, ωˆ and ωˆ′ induce the same automorphism of G. In this case, ωˆ
and ωˆ′ are said to be equivalent and we denote the equivalence class of
ωˆ by [ωˆ].
Using the map ωˆ one constructs a biholomorphic map θ of F (S) onto
itself by the formula:
(2.2) θ([µ], z) = ([ν], wν ◦ ωˆ ◦ (wµ)−1(z)) for every pair ([µ], z) ∈ F (S),
where ν is the Beltrami coefficient of wµ ◦ ωˆ−1.
Lemma 2.1. (Bers [2]) Let ωˆ and ωˆ′ be in the same equivalence class.
If ωˆ is replaced by ωˆ′, the resulting map θ defined as (2.2) is unchanged.
In other words, θ depends only on the equivalence class [ωˆ]. 
Therefore, θ is uniquely determined by [ω]. Lemmas 3.1 – 3.5 of Bers
[2] demonstrate that θ is a holomorphic automorphism of F (S) that
preserves the fiber structure and all such θ’s form a group mod S acting
on F (S) faithfully.
Note that each element g ∈ G acts on F (S) by the formula:
g([µ], z) =
(
[µ], wµ ◦ g ◦ (wµ)−1(z)
)
.
In this way, G is regarded as a normal subgroup of mod S, and the
quotient mod S/G is isomorphic to the modular group ModS . Let i :
mod S → ModS denote the natural projection that is induced by the
holomorphic projection π : F (S)→ T (S).
By Theorem 10 of [2], the Bers isomorphism ϕ : F (S) → T (S˙) induces
an isomorphism ϕ∗ of mod S onto the subgroup ModaS of ModS˙ that
fixes the distinguished puncture a via the formula:
mod S ∋ [ωˆ]
ϕ∗
→ ϕ ◦ [ωˆ] ◦ ϕ−1 ∈ ModaS .
The image of [ωˆ] in ModaS under ϕ
∗ is denoted by [ωˆ]∗.
3. Invariant geodesics embedded into another Teichmu¨ller
space via a Bers isomorphism
Now we assume that χ ∈ ModS is a hyperbolic transformation that
keeps a geodesic line L ⊂ T (S) invariant. We further assume that
S = [0] ∈ L. Choose φ ∈ Q(G) so that L = {[t(φ¯/|φ|)], t ∈ (−1, 1)}.
Denote µ = φ¯/φ. Choose ωˆ : H → H that projects to ω : S → S that
induces χ. We assume that ω is an absolutely extremal Teichmu¨ller
mapping on S. By an argument of Kra [8], there is a hyperbolic Mo¨bius
transformation A that leaves invariant (−1, 1) as well as D and satisfies
the equation
χ([tµ]) =
[
Beltrami coefficient of wtµ ◦ ωˆ−1
]
= [A(t)µ] , for all t ∈ D.
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Suppose that z0 ∈ S is a zero of φ (the assumption p ≥ 2 guarantees
that z0 ∈ S¯ exists by Riemann-Roch theorem, see [6] for example). Let
zˆ0 ∈ H be such that ̺(zˆ0) = z0. Let
(3.1) Lˆ =
{(
[tµ], wtµ(zˆ0)
)
, t ∈ (−1, 1)
}
⊂ F (S).
It is easy to see that the projection π : F (S)→ T (S) defines an embed-
ding of Lˆ into T (S) with L = π(Lˆ).
The following result is well known and the argument is implicitly
provided in [8].
Lemma 3.1. The image L = ϕ(Lˆ) in T (S˙) under the Bers isomor-
phism ϕ : F (S)→ T (S˙) is a Teichmu¨ller geodesic.
Proof. By definition, L = L(t) ⊂ T (S), t ∈ (−1, 1), is an isometric
embedding. For any two points x, y ∈ L, let xˆ, yˆ ∈ Lˆ be such that
π(xˆ) = x and π(yˆ) = y. Let x∗ = ϕ(xˆ) and y∗ = ϕ(yˆ). By complexifying
there is a Teichmu¨ller disk D ⊂ T (S) with L ⊂ D and a holomorphic
map s : D → F (S) defined by sending the point [zµ], z ∈ D and
µ = φ¯/|φ|, to the point ([zµ], wzµ(z0)). It is easy to check that Lˆ ⊂ s(D)
with s(x) = xˆ and s(y) = yˆ. Now ϕ ◦ s : D → T (S˙) is holomorphic and
is distance non-increasing. Therefore, we have 〈x∗, y∗〉 ≤ 〈x, y〉.
On the other hand, we notice that the natural projection π : F (S)→
T (S) is also holomorphic, π ◦ ϕ−1 : T (S˙) → T (S) is holomorphic and
hence it is distance non-increasing. It follows that 〈x, y〉 ≤ 〈x∗, y∗〉. We
thus conclude that
〈x, y〉 = 〈x∗, y∗〉 , for any two points x, y ∈ L.
Hence L = L(t) must also be an isometric embedding, which says that
L is also a Teichmu¨ller geodesic, as claimed. 
By [8], the element θ = [ωˆ] ∈ mod S acts on Lˆ via the formula:
θ(Lˆ) = θ
(
[tµ], wtµ(zˆ0)
)
=
(
[A(t)µ], wA(t)µ ◦ ωˆ(zˆ0)
)
.
From Lemma 2.1, one shows that the image θ(Lˆ) in F (S) only depends
on [ωˆ]. In summary, we have:
Lemma 3.2. (Kra [8]) Suppose that z0 ∈ S is a zero of φ. An element
θ ∈ mod S keeps the line Lˆ invariant if and only if a representative ωˆ
of θ can be chosen so that ωˆ(zˆ0) = zˆ0.
4. Proofs of Theorem 1 and Corollary 1
Theorem 1 follows from Lemma 3.1 and the following result:
Theorem 2. Let L ⊂ T (S) be a geodesic invariant under a hyperbolic
transformation χ. Assume that φ has a non-puncture zero z0 lying in
Q1, say. Let zˆ0 ∈ H be such that ̺(zˆ0) = z0. Then there is an element
θ in mod S that satisfies the following properties:
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(1) θ projects to χ,
(2) θ∗ = ϕ∗(θ) ∈ ModaS is a non-hyperbolic but a pseudo-hyperbolic
transformation acting on T (S˙), and
(3) the lift Lˆ of L that passes through zˆ0 and is defined by (3.1) is an
invariant line under θ.
Proof of Theorem 1. (1) If S is compact, or if φ has no zeros, there is
nothing to prove. So we assume that n ≥ 1 and z0 ∈ S is a zero of φ that
is not a puncture of S. We further assume that Q1 is a component of
S\{A,B} that contains z0 and a puncture z1. z0 6= z1. Let Lˆ be defined
in (3.1). By Lemma 3.1, ϕ(Lˆ) ⊂ T (S˙) is a Teichmu¨ller geodesic. By
(2) and (3) of Theorem 2, ϕ(Lˆ) ⊂ T (S˙) is invariant under an element
θ∗ that is not a hyperbolic modular transformation on T (S˙). Hence by
Theorem 5 of Bers [4], ϕ(Lˆ) is not a Teichmu¨ller geodesic in T (S˙). This
contradiction proves Theorem 1.
To prove (2), we assume that there are two zeros z0 and z1 lying in
a disk component P1, say. Let Pˆ1 ⊂ H be such that ̺|Pˆ1 : Pˆ1 → P1 is a
homeomorphism. Let zˆ0, zˆ1 ∈ Pˆ1 be such that ̺(zˆ0) = z0 and ̺(zˆ1) = z1.
Let Lˆ0 and Lˆ1 be the lines passing through zˆ0 and zˆ1, respectively. From
Lemma 3.1, ϕ(Lˆ0) and ϕ(Lˆ1) are distinct Teichmu¨ller geodesics.
On the other hand, by a similar argument of Theorem 2, there is
a common modular transformation Θ∗ on T (S˙) that leaves both lines
ϕ(Lˆ0) and ϕ(Lˆ1) ⊂ T (S˙) invariant. By Theorem 5 of Bers [4], Θ
∗ is
hyperbolic. This contradicts to the uniqueness of the invariant geodesic
of a hyperbolic transformation. This proves (2). 
Proof of Corollary 1. Note that the closure P¯i or Q¯j of each component
Pi or Qj in (1.1) is a polygon with geodesic boundary segments (with
respect to the hyperbolic metric). By the argument of Theorem 2, we
see that each P¯i or Q¯j cannot contain more than one zero of φ. Each
pole of φ must be the puncture of some Qj . By (1) of Theorem 1, each
Q¯j contains at most one zero zj that is the puncture of Qj. In this case,
zj cannot be a pole of φ. Moreover, if there are two components, P¯i and
P¯i, say, in (1.1) so that a zero of φ lies in P¯i∩ P¯j, then the argument also
shows that there do not exist any other zeros in either P¯i or P¯j . If a zero
lies in one of the intersections of αi and βj , then the same argument
also shows that the closure of the related four polygons in (1.1) do not
include any other zeros. Overall, we conclude that the total number
of zeros and poles of φ is no more than the number of components of
S\{A,B}. 
The rest of the paper is devoted to the proof of Theorem 2.
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5. Reducible maps projecting to pseudo-Anosov maps as a
puncture is filled in
Let S˙ be a Riemann surface defined in Section 2. S˙ has type (p, n+1).
LetW be a non periodic non pseudo-Anosov self map of S˙. By Thurston
[15], there exists an admissible loop system
(5.1) {c1, c2, . . . , cs}, s ≥ 1
of simple non-trivial loops on S˙ so that for every i, 1 ≤ i ≤ s, W (ci)
is homotopic to cj for some j. Here by “admissible” we mean that no
loop in (5.1) bounds a 1-punctured disk and ci is not homotopic to cj
whenever i 6= j, 1 ≤ i, j ≤ m. Note that W may permute the compo-
nents {R1, . . . Rk} of S\{c1, c2, . . . , cs}, and if W keeps a component Rj
invariant, the restriction W |Rj could be either the identity, or periodic,
or pseudo-Anosov. Thus there is an integer N so that WN keeps every
ci and every Rj invariant, and for each j, 1 ≤ j ≤ k,W
N |Rj is either the
identity or pseudo-Anosov. The mapping classes induced by such kind
of maps are called pure mapping classes in the literature. If all WN |Rj ,
1 ≤ j ≤ k, are the identity, WN is a product of powers of positive and
negative Dehn twists along certain loops in (5.1). In general case, WN
induces a pseudo-hyperbolic transformation on T (S˙). See Bers [4] for
details.
Now we consider a special case. Let θ = [ωˆ] be an element of mod S
that projects to χ ∈ ModS . We assume that χ is induced by ω : S → S
that is an absolutely extremal Teichmu¨ller mapping. Let φ ∈ Q(G) be
the corresponding quadratic differential. By Royden’s theorem [11] (see
also Earle-Kra [5]), θ∗ is a modular transformation. Thus θ∗ is induced
by a quasiconformal self-map W of S˙. The map W is isotopic to ω if
W is viewed as a self-map of S. Notice that W is non periodic; it may
or may not be pseudo-Anosov. On the other hand, even if W is pseudo-
Anosov, S˙ may not be the right candidate that makes W an absolutely
extremal self-map on S˙.
Lemma 5.1. Assume that S is not compact, and W is not pseudo-
Anosov, then W is reduced by a single closed geodesic c1 that is a bound-
ary of a twice punctured disk Ω ⊂ S˙ that encloses a. More precisely, if
we write S˙\c1 = D ∪ R, then W |Ω is the identity and W |R is pseudo-
Anosov that is essentially the same as ω, and W induces a pseudo-
hyperbolic transformation on T (S˙) in the sense of Bers [4].
Proof. Let W be reduced by (5.1), and let γi denote the geodesic on
S obtained from ci by adding the puncture a. Since W is isotopic to ω
on S, ω keeps the curve system {γ1, . . . γs0} invariant, where s0 = s if
neither two elements ci and cj bound an a-punctured cylinder, nor does
an element ci project to a trivial loop; s0 = s− 1 otherwise.
Since ω is pseudo-Anosov, the set {γ1, . . . γs0} is empty. Hence the
only possibility is that all geodesics in (5.1) are boundaries of twice
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punctured disks enclosing a. Since geodesics in (5.1), if not empty, are
disjoint. We must have that s = 1 and c1 in (5.1) is the boundary of a
twice punctured disk.
As a is filled in, c1 becomes a trivial loop. This means that W |R is
essentially the same as ω. Notice that Ω is a twice punctured disk, and
W |Ω fixes each boundary component. It follows that W |Ω is isotopic to
the identity. The lemma is proved. 
The following result along with Lemma 5.1 establishes the relation-
ship between elements in mod S and non pseudo-Anosov elements in
ModaS via the Bers isomorphism ϕ
∗. Recall that [ωˆ]∗ = θ∗ ∈ ModaS is
induced by W : S˙ → S˙.
Lemma 5.2. Suppose that S is not compact. If ω : S → S does
not fix any punctures of S, then all W ’s must also be pseudo-Anosov.
Otherwise, we assume that ω : S → S is pseudo-Anosov that fixes at
least one puncture of S. Then certain non pseudo-Anosov maps W of
S˙ exist, and all possible non pseudo-Anosov maps W are obtained from
those ωˆ : H → H that fix a fixed point of a parabolic element T of G.
Proof. Assume that ωˆ : H → H fixes the fixed point x of a parabolic
element T ∈ G. This implies that ωˆ ◦ T = T k ◦ ωˆ for some k. That is,
(5.2) [ωˆ]∗ ◦ T ∗ = T ∗k ◦ [ωˆ]∗.
From Theorem 2 of [8, 10], T ∗ is represented by a Dehn twist t∂Ω along
the boundary ∂Ω of a twice punctured disk Ω ⊂ S˙. Let W : S → S be
a map that induces [ωˆ]∗. From (5.2) we have
tW (∂Ω) = t
k
∂Ω.
It follows that k = 1 and the map W leaves ∂Ω invariant. So W is not
pseudo-Anosov.
Conversely, assume thatW is not pseudo-Anosov. By Lemma 5.1, W
is reduced by a single geodesic c that is a boundary of a twice punctured
disk. This means that W ◦ tc = tc ◦W . By Theorem 2 of [8, 10] again,
there is a parabolic element T ∈ G so that T ∗ = tc. Hence we have
[ωˆ]∗ ◦ T ∗ = T ∗ ◦ [ωˆ]∗. Thus ωˆ ◦ T k = T k ◦ ωˆ for any integer k. It follows
that ωˆ fixes the fixed point of T .
In particular, if ω : S → S does not fix any punctures of S, then W
must be pseudo-Anosov. 
Remark 5.1. The disk Ω ⊂ S˙ obtained from Lemma 5.1 contains an-
other puncture b 6= a, which is viewed as a puncture of S corresponding
to the conjugacy class of T . Conversely, every [ωˆ] ∈ mod S that fixes a
parabolic fixed point of G produces a non pseudo-Anosov map W on S˙
that is characterized in Lemma 5.1.
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6. pseudo-Anosov maps defined by simple closed geodesics
and their lifts
Denote A = {α1, . . . , αq} and B = {β1, . . . , βr}. Let z ∈ S\{A,B}.
Fix a fundamental region ∆ of G and let zˆ = {̺−1(z)} ∩∆.
Let αˆ1 ⊂ H be a geodesic so that ̺(αˆ1) = α1 and ∆ ∩ αˆ1 6= ⊘
for a fixed fundamental region ∆ of G. Note that there may be more
than one choices for such a geodesic αˆ1. The geodesic αˆ1 is invariant
under a simple hyperbolic element gαˆ1 of G. Let Dαˆ1 and D
′
αˆ1
be the
components of H\αˆ1. We assume that zˆ ∈ D
′
αˆ1
.
To obtain a lift ταˆ1 of tα1 , we take an earthquake shifting along αˆ1 in
such a way that it is the identity on D′αˆ1 ; and is gαˆ1 on Dαˆ1 away from
a small neighborhood of αˆ1. We thus define ταˆ1 everywhere on H via
G-invariance.
The construction of ταˆ1 gives rise to a collection Eαˆ1 of half-planes,
among which a partial order can be naturally defined. There are in-
finitely many disjoint maximal elements of Eαˆ1 and for each maximal
element Dαˆ1 = D
1
αˆ1
of Eαˆ1 , there are infinitely many second level el-
ements D2αˆ1 ⊂ D
1
αˆ1
; and for each such D2αˆ1 , there are infinitely many
third level elements D3αˆ1 in D
2
αˆ1
, and so on.
The quasiconformal homeomorphism ταˆ1 restricts to the identity on
the complement of disjoint union of all maximal elements of ταˆ1 in H;
it is quasiconformal whose Beltrami coefficient is supported on (dis-
joint) neighborhoods of αˆ1 and its G-translations. Moreover, from the
construction ταˆ1(z) = z for points z on the boundaries of all maximal el-
ements. ταˆ1 naturally extends to a quasisymmetric mapping of ∂H onto
∂H that fixes infinitely many hyperbolic fixed points of G and infinitely
many parabolic fixed points as well if S is not compact.
Let αˆ1, . . . , αˆq ⊂ H be the geodesics so that they meet in ∆ in the
sense that ∆ ∩ αˆi 6= ⊘ for i = 1, . . . , q. Since α1, . . . , αq are pairwise
disjoint, αˆ1, . . . , αˆq are pairwise disjoint as well. The maximal elements
Dαˆ1 , . . . ,Dαˆq can be properly chosen so that
(6.1) zˆ ∈ ∆\{Dαˆ1 ,Dαˆ2 , . . . ,Dαˆq}.
Since α1, . . . , αq are pairwise disjoint, ταˆi commutes with ταˆj for i, j =
1, . . . , q. Now for a positive integer tuple σ = (n1, . . . , nq), we define
Tˆ σA = τ
n1
αˆ1
◦ τn2αˆ2 ◦ · · · ◦ τ
nq
αˆq
.
We see that TˆA does not depend on the order of those ταˆi .
Similarly, let βˆ1, . . . , βˆr ⊂ H be the geodesics so that they meet in ∆.
D
βˆ1
, . . . ,D
βˆr
can also be properly chosen so that
(6.2) zˆ ∈ ∆\{D
βˆ1
,D
βˆ2
, . . . ,D
βˆr
}.
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For a positive integer tuple λ = (m1, . . . ,mr), we define
Tˆ λB = τ
m1
βˆ1
◦ τm2
βˆ2
◦ · · · ◦ τmr
βˆr
.
Now we consider the map
(6.3) TˆAB =
∏
i
(
Tˆ σiA ◦ Tˆ
−λi
B
)
for positive integer tuples σi and λi. We claim that TˆAB defined as (6.3)
is a lift of the pseudo-Anosov mapping class:
tAB =
∏
i
(
tn1α1 ◦ · · · ◦ t
nq
αq ◦ t
−m1
β1
◦ · · · ◦ t−mrβr
)
.
Indeed, by construction we notice that ταˆi and τβˆj are lifts of tαi and
tβj respectively. One obtains
̺ ◦ ταˆi = tαi ◦ ̺ and ̺ ◦ τβˆj = tαj ◦ ̺,
which further implies that ̺ ◦ TˆAB = tAB ◦ ̺, as claimed. We proved
the most part of:
Lemma 6.1. Let ∆ be a fixed fundamental region of G. Let z ∈
S\{A,B} and let zˆ = {̺−1(z)} ∩∆. Then for 1 ≤ i ≤ q and 1 ≤ j ≤ r,
the geodesics αˆi and βˆj in H, and hence the maximal elements Dαˆi and
D
βˆj
, can be chosen to satisfy:
(1) ̺(αˆi) = αi, ̺(βˆj) = βj;
(2) αˆi ∩∆ and βˆj ∩∆ are not empty, and
(3) the map TˆAB defined as (6.3) is a lift of tAB and fixes the point zˆ.
Proof. The map TˆAB projects to w defined in the introduction, which
has the property that w(z) = z. Thus αˆi and βˆj can be chosen so that
(1) and (2) are satisfied. Moreover, once αˆi and βˆj are selected, Dαˆi
and D
βˆj
can also be selected so that (6.1) and (6.2) are satisfied.
Let z lie in one component R of (1.1). R is either Pi or Qj. Since
̺ : H → S is a local homeomorphism, there is a non-empty subset Σ
of ∆ so that zˆ ∈ Σ and ̺|Σ(Σ) = R. As we remarked earlier, there
are perhaps more than one choices of each geodesic αˆi that meet ∆ so
that ̺(αˆi) = αi. In any case, there are only finitely many maximal
elements of ταˆi and τβˆj that intersect with ∆. Σ can be obtained from
the fundamental region ∆ with the removal of all such (finitely many)
maximal elements of ταˆi and τβˆj for 1 ≤ i ≤ q and 1 ≤ j ≤ r. Now from
the construction we see that the restriction of TˆAB to Σ is the identity.
In particular, we obtain TˆAB(zˆ) = zˆ. This proves Lemma 6.1. 
In the case of R = Qj for some j, 1 ≤ j ≤ r, the set Σ touches
∂H at the fixed point of a parabolic element of G corresponding to the
puncture zj of Qj. The following lemma handles this case.
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Lemma 6.2. Under the above condition, the map TˆAB fixes both zˆ
and the fixed point of a parabolic element of G.
Proof. From Lemma 6.1, the map TˆAB fixes zˆ, where zˆ ∈ Σ. Note
that the boundary of Σ consists of portions of some translations of αˆi
and βˆj . Let zj be the puncture of Qj. we can draw a path γ in Qj that
connects from z to zj without intersecting any boundary components of
Qj. In particular, γ is disjoint from any element in A or B.
Now we can lift the path γ to a path γˆ in H that connects from zˆ to a
parabolic vertex vj of ∆ (corresponding the puncture zj). Since γ does
not intersect with {A,B}, γˆ avoids all maximal elements of ταˆi and τβˆj
for 1 ≤ i ≤ q and 1 ≤ j ≤ r. But since TˆAB fixes zˆ as well as any other
points in γˆ, by continuity, we conclude that TˆAB fixes vj, as asserted.

Remark 6.1. If R = Pi for some i, 1 ≤ i ≤ q, then the region Σ
in Lemma 6.1 stays away from the boundary ∂H. In this case, the
argument of Lemma 6.2 fails to conclude that there is a parabolic fixed
point for the map TˆAB . As a matter of fact, the Theorem of Bers [4]
can be used to prove that TˆAB has no any parabolic fixed point on ∂H.
7. Proof of Theorem 2
We assume that S is non compact. recall that Q1, . . . , Qr obtained
from (1.1) are all possible once punctured disk components of S\{A,B}.
By a theorem of Penner [14], a word w generated by Dehn twists along
elements of A and inverses of Dehn twists along elements in B represents
a pseudo-Anosov mapping class. So w is isotopic to a pseudo-Anosov
map ω. Let χ ∈ ModS be induced by ω, χ is hyperbolic in the sense of
Bers [4]. It follows from Theorem 5 of Bers [4], there is a Teichmu¨ller
geodesic L in T (S) so that χ(L) = L.
Assume that S ∈ L. Then ω : S → S is an absolutely extremal
Teichmu¨ller mapping. Let z0 ∈ S¯ be a zero of φ (there is nothing to
prove if φ has no zeros). Since the number of zeros of φ is finite, and ω
send a zero to a zero, by taking a suitable power if necessary, one may
assume without loss of generality that ω fixes all zeros of φ. Note that
some zeros could be punctures of S.
Suppose that z0 ∈ Q1 is a non-puncture zero of φ. Let z1 denote the
puncture of Q1. Then z0 6= z1. For any point zˆ0 ∈ ̺
−1(z0), we can
choose a fundamental region ∆ of G so that zˆ0 ∈ ∆. Since Q1 contains
a puncture, there is a parabolic vertex v1 of ∆ in ∂H that corresponds
to the puncture z1.
From Lemma 6.1 and Lemma 6.2, w can be lifted to TˆAB that fixes
zˆ0 and v1. Since ω is isotopic to w, ω can also be lifted to ωˆ so that
ωˆ|∂H = TˆAB |∂H. It follows that [ωˆ] = [TˆAB ] and ωˆ fixes both zˆ0 and v1
as well.
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By Lemmas 5.2, [ωˆ]∗ ∈ ModaS is not pseudo-Anosov. More precisely,
let [ωˆ]∗ be induced byW : S˙ → S˙. By Lemma 5.1,W fixes the boundary
of a twice punctured disk Ω enclosing a so that W |Ω = id and W |S˙\D
is pseudo-Anosov. In particular, W is reducible. Set θ = [ωˆ] = [TˆAB].
We claim that θ satisfies all conditions of Theorem 2.
Indeed, (1) is clear. By definition, θ∗ is not pseudo-Anosov, which
satisfies (3). Finally, since TˆAB fixes zˆ0, by Lemma 3.2, θ keeps the
real one dimensional submanifold Lˆ ⊂ F (S) (defined in (3.1)) invariant.
So (2) holds. This completes the proof of Theorem 2, and hence of
Theorem 1. 
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